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The simple asymptotic problem of an impermeable crack in an electrostrictive ceramic under electric loading is
analyzed. Closed form solutions of elastic ﬁelds are obtained by using the complex function theory. It is found that the
KI-dominant region is very small compared to the electric saturation zone. A fracture parameter for an electrostrictive
material subjected to electric loading is discussed. In order to investigate the inﬂuence of the transverse electric displace-
ment on fracture behavior under the small-scale conditions, we also consider the modiﬁed boundary layer problem of a
crack in an electrostrictive material. Analytic solutions of electric displacement ﬁelds for the asymptotic problem are
obtained based on the nonlinear dielectric theory from a modiﬁed boundary layer analysis. The shape of the electric dis-
placement saturation zone is shown to depend on the transverse electric displacement. Stress intensity factors induced by
the electrostrictive strains are evaluated using the nonlinear solution of the electric displacements. It is found that the trans-
verse electric displacement aﬀects strongly the variation of the mode mixity.
 2006 Elsevier Ltd. All rights reserved.
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Electrostrictive ceramics such as lead magnesium niobate based ceramics are shown to induce large strains
without hysteresis. Electrostrictive ceramics have recently been used as electromechanical actuators (Uchino,
1986). Due to the brittleness of electrostrictive ceramics, the materials are sensitive to defects such as cracks
and inhomogeneities, which reduce the mechanical strength and the breakdown strength (Winzer et al., 1989;
Suo, 1993). Studies on electric ﬁeld induced cracking in electrostrictive ceramic composites have been per-
formed recently (Yang and Suo, 1994; Hao et al., 1996; Ru et al., 1998). Electrostrictive ceramics containing0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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and Warren (1966, 1968) noted that the stress singularity at the crack tip in a linear electrostrictive ceramic is
of order 1/r, where r is a small distance from the crack tip. However, this singularity yields physically inad-
missible phenomena that the displacement at the crack tip and the strain energy within any circular area
enclosing the crack tip become unbounded. Beom (1999a,b) investigated the eﬀect of electric yielding on
the stress singularity for a crack in a nonlinear electrostrictive ceramic. He showed that the dominant
crack-tip ﬁeld of the stress has singularity r1/2, whose amplitude is characterized by the stress intensity factor.
However, a complete solution of elastic ﬁelds for the problem of a crack in a nonlinear electrostrictive material
under electric loading is has not been known as yet. On the other hand, Gao et al. (1997) investigated the role
of the polarization saturation in fracture behavior of a nonlinear piezoelectric ceramic by using the strip sat-
uration model. They proposed a fracture criterion based on the local energy release rate for an electrically
yielded crack. Thus, linear mechanical fracture mechanics procedures are valid when the KI-dominant region
is suﬃciently small compared to the electrical saturation zone. However, the size of the KI-dominant region for
a crack in an electrostrictive material under purely electric loading has not been explicitly obtained in the
literature.
The purpose of this study is to investigate the problem of a crack in an electrostrictive material subjected to
electric loading. In order to seek the solution of electric ﬁelds and elastic ﬁelds near the crack tip under the
small-scale saturation condition, the simple asymptotic problem of a crack is considered. The electrostrictive
material is assumed to have perfect saturation of electric displacement. Complete forms of electric ﬁelds and
elastic ﬁelds for the crack are derived by using the complex function theory. In obtaining the closed form solu-
tions, the eﬀect of electromechanical coupling on the electric ﬁeld is assumed to be neglected. The veriﬁcation
of the solutions obtained under this assumption is examined. It is found that the stress intensity factor dom-
inant region is very small compared to the saturation zone. A fracture parameter governing the fracture pro-
cesses near the tip of the crack in the electrostrictive material under electric loading is also discussed.
This paper also addresses a modiﬁed boundary layer problem of a crack in an electrostrictive ceramic under
electric loading. In the simple asymptotic problem, the remote electric displacement ﬁelds are given by the
crack tip singular ﬁelds for the crack in the linear material. In order to examine the inﬂuence of the transverse
electric ﬁeld on fracture behavior, the modiﬁed boundary layer problem in which the remote electric displace-
ment ﬁelds are given by the ﬁrst two terms in a Williams type expansion of the crack tip solution is considered.
The ﬁrst term is crack tip singular ﬁelds and the second term is a ﬁnite transverse electric displacement ﬁeld
parallel to the crack surface. The analytic solution of electric displacements for the crack is obtained from the
modiﬁed boundary layer analysis. The transverse electric displacement is shown to aﬀect the asymmetric shape
of the electric displacement saturation zone. Due to the asymmetry of the electric displacement, the Mode II
stress intensity factor as well as the Mode I stress intensity factor for the crack with the electrostrictive strains
is induced. The stress intensity factors induced by the electrostrictive strains are directly calculated using an
Eshelby technique.
2. Simple asymptotic analysis of a crack
Let us consider a crack in an electrostrictive material under electric loading. No mechanical loading is
applied on the external boundary of the material. Here we are only concerned with the case where the surfaces
of the crack are assumed to be traction free and electrically insulating. Under the plane strain conditions, the
constitutive laws for an isotropic electrostrictive ceramic are (Yang and Suo, 1994)cij ¼
1þ m
Y
ðrij  mrkkdijÞ þ Qð1þ qÞDiDj  Qqð1þ mÞDkDkdij;
Ei ¼ Eei þ DEi.
ð1ÞHere cij, rij, Di and Ei are the strain, the stress, the electric displacement and the electric ﬁeld, respectively. Y
and m are the Young’s modulus and the Poisson’s ratio, respectively, Q and q are the electrostrictive coeﬃ-
cients, and dij is the Kronecker delta. The repetition of an index implies summation with respect to that index
over its range 1–2. Eei is the electric ﬁeld in the absence of stress and DEi is the electric ﬁeld due to the elec-
tromechanical coupling under the plane strain condition, which are given by
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D
Di;
DEi ¼ 2Qð1þ qÞrikDk þ 2Qð1þ mÞqrkkDi þ 2YQ2q2DkDkDi.
ð2ÞThe function, E = f(D) is the uniaxial dielectric response in the absence of stress. Gong and Suo (1996) used a
form of f(D) with dielectric saturation, which is similar to the empirical stress–strain curve in plasticity pro-
posed by Prager. In this paper, the electrostrictive material is assumed to have perfect saturation of electric
displacement, which has been employed in solving analytically the problem of an electrode in an electrostric-
tive material by Yang and Suo (1994) and Hao et al. (1996). An electric behavior of the electrostrictive mate-
rial with perfect saturation is shown for the electric displacement versus electric ﬁeld in Fig. 1. According to
Yang and Suo (1994) and Hao et al. (1996), the electromechanical coupling term DEi in the electric ﬁeld is
negligible for a typical electrostrictive material subjected to the electric ﬁeld. Thus, the eﬀect of electromechan-
ical coupling on the electric ﬁeld is neglected in this paper. The veriﬁcation of the solution obtained under this
assumption will be discussed in Section 3.
In order to seek the solution of electric ﬁelds and elastic ﬁelds near the crack tip under the small-scale
saturation condition, we consider the simple asymptotic problem of a semi-inﬁnite crack as shown in
Fig. 2. The remote ﬁeld in the simple asymptotic problem is prescribed to be the near-tip electric ﬁeld for
the crack in the linear dielectric material:D1 þ iD2 ¼ iKDﬃﬃﬃﬃﬃﬃﬃ
2pz
p as z !1. ð3ÞHere KD is the intensity factor of electric displacement, z is the complex variable deﬁned in terms of the Carte-
sian coordinates, x1 and x2 with the origin located at the crack tip as z = x1 + ix2.
The solution of the electric displacement ﬁeld for the asymptotic problem is well known (Hao et al., 1996).
The solution of the electric displacement is D1 þ iD2 ¼ iKDﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðz R0Þ
p ; outside saturation zone,
 D1 þ iD2 ¼ D0ieih; inside saturation zone.
ð4ÞHere cylindrical coordinates r and h are centered at the tip of the crack. D0 is the saturation value of the elec-
tric displacement. The saturation zone of the electric displacement has the circular shape with radius R0 and
the origin located at the point (R0,0) as shown in Fig. 2. The radius of the saturation zone is given byR0 ¼ 1
2p
KD
D0
 2
. ð5ÞD
0D
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Fig. 1. Electric displacement–electric ﬁeld curve for an electrostrictive material with perfect saturation.
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Fig. 2. Simple asymptotic problem of a crack in an electrostrictive material.
6872 H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886Now we seek the solution of the elastic ﬁeld induced by the electrostrictive strains. Applying the super-
position as shown in Fig. 3, we can obtain the solution for the crack using the solution for the insulating sheet.
Knops (1963) presented a complex variable method for solving a two-dimensional linear electrostriction prob-
lem. It is convenient to introduce a new complex variable f deﬁned as f = z  R0 in ﬁnding the solution of
elastic ﬁelds for the insulating sheet. For a linear electrostrictive material outside the saturation zone, solutions
for the elastic ﬁelds may be written in terms of complex functions as2Gðu1 þ iu2Þ ¼ ð3 4mÞuðfÞ  fu0ðfÞ  wðfÞ þ SXðfÞX0ðfÞ þ 4ð1 mÞb S
Z
X0ðfÞ2df;
r22 þ r11
2
¼ u0ðfÞ þ u0ðfÞ  SX0ðfÞX0ðfÞ;
r22  r11
2
þ ir12 ¼ zu00ðfÞ þ w0ðfÞ  SX00ðfÞXðfÞ;
F 1 þ iF 2 ¼ i½uðfÞ þ zu0ðfÞ þ wðfÞ  SXðfÞX0ðfÞ.
ð6ÞHere ui is the displacement, Fj is the component of the resultant force over the arc acting on the material to the
left of the arc, prime ( 0) implies the derivative with respect to the argument z and overbar ðÞ denotes the com-
plex conjugate. u(f) and w(f) are analytic functions and X 0(f) isX0ðfÞ ¼ D1 þ iD2 ¼ iKDﬃﬃﬃﬃﬃﬃﬃ
2pf
p . ð7ÞG, S and b are constants given byG ¼ Y
2ð1þ mÞ ; S ¼
1 ð1þ 2mÞq
4
Y
1 m2 Q; b ¼
2 2ð1þ 2mÞq
1þ q . ð8ÞFig. 3. Application of superposition to obtain the stress ﬁeld for a crack.
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csrh ¼ 0;
cshh ¼ QD20ð1 qmÞ.
ð9ÞIt is noted that the electrostrictive strains (9) inside the saturation zone satisfy the compatibility equation, and
do not generate stresses. Integrating (9), the displacements usr and u
s
h induced by the electrostrictive strains
inside the saturation zone are obtained asusr ¼ QD20qð1þ mÞr;
ush ¼ QD20ð1þ qÞrh.
ð10ÞThus, solutions for the elastic ﬁelds inside the electrical saturation zone are expressed as2Gðu1 þ iu2Þ ¼ 2Gðus1 þ ius2Þ þ ð3 4mÞuðfÞ  fu0ðfÞ  wðfÞ;
r22 þ r11
2
¼ u0ðfÞ þ u0ðfÞ;
r22  r11
2
þ ir12 ¼ fu00ðfÞ þ w0ðfÞ;
F 1 þ iF 2 ¼ i½uðfÞ þ zu0ðfÞ þ wðfÞ;
ð11Þwhere usi is given from (10) byus1 þ ius2 ¼ ½ð1þ mÞqþ ið1þ qÞhQD20ðfþ R0Þ. ð12Þ
The complex functions u(f) and w(f) for interior points and exterior points of the saturation zone have to cho-
sen in such a way that the boundary conditions on the saturation boundary and at inﬁnity are satisﬁed.
Employing a complex variable method, it can be shown that the solutions of elastic ﬁelds for the insulating
sheet are expressed asuðfÞ ¼ ar0R0  ln fR0 þ
f
R0
þ 1
 
ln
f
fþ R0 þ 1
 
;
wðfÞ ¼ ar0R0 ð1þ bÞR0f  ln
f
R0
þ ln f
fþ R0  bþ 4ð1 mÞ
 
; outside the saturation zone,
uðfÞ ¼ ar0R0  fR0 þ 1
 
ln
fþ R0
R0
þ 1
2
b 1
 
þ 1
 
;
wðfÞ ¼ ar0R0  ln fþ R0R0 
1
2
bþ 3 4m
 
; inside the saturation zone,
ð13Þwhere a ¼ 1þq
8ð1m2Þ and r0 ¼ YQD20. Details required for derivation of the solution are presented in Appendix A.
The stresses for the asymptotic problem of the insulating sheet in the electrostrictive material subjected to the
electric displacement ﬁeld (3) at inﬁnity can be evaluated from (6) and (11) together with (7) and (13), which
results inr22 þ r11
2
¼ ar0 2Re ln z R0z
 
 b R0jz R0j
 
;
r22  r11
2
þ ir12 ¼ ar0 z R0z R0 
z
z
 ð1þ bÞ R0
z R0
 2
þ b R0
z R0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z R0
z R0
r" #
;
outside the saturation zone,
r22 þ r11
2
¼ ar0 2Re ln zR0
 
þ b
 
;
r22  r11
2
þ ir12 ¼ ar0 zz ; inside the saturation zone,
ð14Þ
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logarithmic singularity, and the singular form of the stress for the perfect saturation model isrij ¼ 2ar0 ln rR0 dij as r ! 0. ð15ÞNow, we consider a problem of the crack with tractions applied on the surface of the crack under no elec-
trical loading as shown in Fig. 3. The boundary condition appropriate to the problem is written on the crack
surface asr22ðx1; 0Þ þ ir21ðx1; 0Þ ¼ frc22ðx1; 0Þ þ irc21ðx1; 0Þg. ð16Þ
where rc2j is the stress on the insulating sheet, given byrc22ðx1; 0Þ ¼ ar0 2 ln
x1  R0
x1
 ð1þ bÞ R0
x1  R0
 2" #
;
rc21ðx1; 0Þ ¼ 0.
ð17ÞIntroducing complex functions U(z) and X(z) deﬁned as U(z) = u 0(z) and X(z) = [zu 0(z) + w(z)] 0, the stress
ﬁeld for a linear elastic material is written asr22 þ r11
2
¼ UðzÞ þ UðzÞ;
r22  r11
2
þ ir12 ¼ UðzÞ þ X ðzÞ þ ðz zÞU0ðzÞ.
ð18ÞUsing the complex variable method, it can be shown that the complex functions for the crack problem with the
traction (16) are expressed asUðzÞ ¼ X ðzÞ
¼ ar0  ln z R0z þ
1
2
ð1þ bÞ R0
z R0
 2
 1
4
ð1þ bÞR3=20
1ﬃﬃ
z
p zþ R0
ðz R0Þ2
 2coth1
ﬃﬃﬃﬃﬃ
z
R0
r 
þ 2
ﬃﬃﬃﬃﬃ
R0
z
r" #
.
ð19Þ
In obtaining (19), the Cauchy’s integral theorem in evaluation of a contour integral for simple closed path as
shown in Fig. 4 has been used. The required details in derivation of the solution are presented in Appendix B.
Since the complex functions are determined as above, the stresses for the asymptotic problem of the crack
in the electrostrictive material subjected to the electric displacement ﬁeld (3) at inﬁnity can be evaluated from
(14), (18) and (19). Consequently, the closed form solution of stress ﬁelds isr22 þ r11
2
¼ ar0 Re ð1þ bÞ R0z R0
 2
 1
2
ð1þ bÞ
ﬃﬃﬃﬃﬃ
R0
z
r
R0ðzþ R0Þ
ðz R0Þ2
("
 4coth1
ﬃﬃﬃﬃﬃ
z
R0
r
þ 4
ﬃﬃﬃﬃﬃ
R0
z
r )
 b R0jz R0j
#
;
r22  r11
2
þ ir12 ¼ ar0 z R0z R0 
z
z
 ð1þ bÞ R0
z R0
 2
þ b R0
z R0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z R0
z R0
r"
þ ðz zÞ
ﬃﬃﬃﬃﬃ
R0
z
r
 1
 !
R0
zðz R0Þ  ð1þ bÞ
R20
ðz R0Þ3
(
 1
8
ð1þ bÞ
ﬃﬃﬃﬃﬃ
R0
z
r
R0
zðz R0Þ3
ð3z2  6R0zþ R20Þ
)#
;
outside the saturation zone,
Fig. 4. Integration contour.
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2
¼ ar0 Re 2 ln zR0  2 ln
z R0
z
þ ð1þ bÞ R0
z R0
 2("
 1
2
ð1þ bÞ
ﬃﬃﬃﬃﬃ
R0
z
r
R0ðzþ R0Þ
ðz R0Þ2
 4coth1
ﬃﬃﬃﬃﬃ
z
R0
r
þ 4
ﬃﬃﬃﬃﬃ
R0
z
r )
 b
#
;
r22  r11
2
þ ir12 ¼ ar0 zzþ ðz zÞ
ﬃﬃﬃﬃﬃ
R0
z
r
 1
 !
R0
zðz R0Þ  ð1þ bÞ
R20
ðz R0Þ3
("
 1
8
ð1þ bÞ
ﬃﬃﬃﬃﬃ
R0
z
r
R0
zðz R0Þ3
ð3z2  6R0zþ R20Þ
)#
;
inside the saturation zone. ð20Þ
It is interesting to note that the crack tip ﬁeld of the stress has the inverse square root singularity and the
logarithmic singularity occurred in the edge of the insulating sheet disappears.
3. Electromechanical coupling
We ﬁrst neglect the electromechanical coupling in the electric ﬁelds in order to evaluate the elastic ﬁelds due
to the electrostrictive strains in Section 2. Exact determination of the electric ﬁelds is diﬃcult since the electric
ﬁelds for the electrostrictive problem depend on the elastic ﬁeld. A ﬁrst approximation to the electric ﬁelds can
be obtained by neglecting the electromechanical coupling in the electric ﬁelds. The stress ﬁeld (20) together
with the electric displacement (4) is substituted into the electric ﬁeld (1) to examine the eﬀect of the stress ﬁeld
induced by electrostrictive strains on the electric ﬁeld. Neglecting the eﬀect of the stress on the electric ﬁeld, the
electric ﬁeld on the prolongation of the crack for x1 > 0 is known as (Hao et al., 1996)Ee2
E0
¼
2
n1
; 0 < n1 6 2;
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n1  1
p ; n1 P 2;
8><>>: ð21Þ
where E0 ¼ 1eD0, n1 ¼ x1R0 and e is the dielectric permittivity. By straightforward substitution of the approximate
solutions (4) and (20) into (2), the change of electric ﬁeld due to the electromechanical coupling on the pro-
longation of the crack for x1 > 0 isDE2
E0
¼ 2Qr0e ð1þ qÞ r22r0 þ ð1þ mÞq
r11 þ r22
r0
þ q2 D2
D0
 2" #D2
D0
. ð22Þ
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D0
¼
1; 0 < n1 6 2;
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n1  1
p ; n1 P 2;
8<: ð23Þ
r11
r0
¼
a 1 b 1þ b
2
ﬃﬃﬃﬃ
n1
p ð ﬃﬃﬃﬃn1p þ 1Þ2 þ 4ﬃﬃﬃﬃn1p  4 ln 1þ
ﬃﬃﬃﬃ
n1
p " #
; 0 < n1 6 2;
a  1
2
ð1þ bÞ n1 þ 1ﬃﬃﬃﬃ
n1
p ðn1  1Þ2
þ 4ﬃﬃﬃﬃ
n1
p  2 ln
ﬃﬃﬃﬃ
n1
p þ 1	 
2
n1  1
 2b
n1  1
þ 2 1þ bðn1  1Þ2
" #
; n1 P 2;
8>>><>>>:
r22
r0
¼
a ð1þ bÞ  1þ b
2
ﬃﬃﬃﬃ
n1
p ﬃﬃﬃﬃ
n1
p þ 1	 
2 þ 4ﬃﬃﬃﬃn1p  4 ln 1þ
ﬃﬃﬃﬃ
n1
p " #
; 0 < n1 6 2;
a  1
2
ð1þ bÞ n1 þ 1ﬃﬃﬃﬃ
n1
p ðn1  1Þ2
þ 4ﬃﬃﬃﬃ
n1
p  2 ln
ﬃﬃﬃﬃ
n1
p þ 1	 
2
n1  1
" #
; n1 P 2.
8>>><>>>:
. ð24ÞA comparison of the electric ﬁelds Ee2 and E
e
2 þ DE2 predicted by the no coupling model and the coupling
model, respectively, is shown in Fig. 5. The numerical values used here for a typical electrostrictive material
are as follows: Y = 114 GPa, m = 0.26, e = 7500e0, e0 = 8.85 · 1012 F/m, Q = 0.021 m4/C2, q = 0.38 and
c0 ¼ QD20 ¼ 103 (Hao et al., 1996). The result shows that the eﬀect of the stress ﬁeld on the electric ﬁeld is
negligible for a typical electrostrictive material. Thus, the solutions of the electric ﬁelds and elastic ﬁelds ob-
tained in Section 2 are approximately valid.
The complete solution of the stresses for the asymptotic problem of the crack in the electrostrictive material
subjected to the electric displacement ﬁeld (3) at inﬁnity is obtained in Section 2. The normal stress r22 on the
prolongation of the crack for x1 > 0 is given in (24). The stress intensity factor for the crack is evaluated from
(24), which yieldsKI ¼ 1ﬃﬃﬃ
2
p ð7 bÞar0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pR0
p
. ð25Þ0 2 4 6 8 10
0
1
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Fig. 5. Comparison of the electric ﬁelds Ee2 and E
e
2 þ DE2.
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intensity factor is related to the intensity factor of the electric ﬁeld. At distances close to the crack tip, the
stress ﬁeld near the crack tip is thus expressed asr22 ¼ KIﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2px1
p as x1 ! 0. ð26ÞThe dominant singular solution near the crack tip is compared with the complete stress solution in Fig. 6. This
result shows that the KI-dominant region is very small compared to the saturation zone. The KI ﬁeld is valid
only for r/R0 < 0.027 within 5% error. Furthermore, the saturation zone is also small compared to the KD-
dominant region under the small-scale saturation condition. The zones of multiscale singularity ﬁelds are
shown in Fig. 7. Inside the KI-dominant region, the singular stress ﬁelds are characterized by the stress inten-
sity factor. However, the electric ﬁelds have highly nonlinear behavior inside of the KI-dominant region.
According to Gao et al. (1997), the local energy release rate is directly related to the energy available to frac-
ture initiation. KI, which involves KD explicitly, may be used as a fracture parameter governing the fracture0 1 2 3 4 5
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Fig. 6. Comparison of the complete stress ﬁeld and the singular stress ﬁeld.
Fig. 7. Multiscale singularity ﬁelds.
6878 H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886processes near the crack tip since only KI characterizes crack tip conditions. Thus, linear mechanical fracture
mechanics procedures are valid when the electrical saturation zone is suﬃciently large compared to the KI-
dominant region.
4. Modiﬁed boundary layer analysis
In order to investigate the inﬂuence of the transverse electric displacement on fracture behavior under the
small-scale conditions, we consider the modiﬁed boundary layer problem of a semi-inﬁnite crack in an elec-
trostrictive material as shown in Fig. 8. Tractions and charge vanish on the crack surfaces. Under the
small-scale conditions, the remote ﬁelds in the modiﬁed boundary analysis are given by the near-tip ﬁelds
for the crack in the linear material. The electric displacement ﬁelds at inﬁnity are written asD2 þ iD1 ¼ KDﬃﬃﬃﬃﬃﬃﬃ
2pz
p þ iT as z !1. ð27ÞHere T denotes the transverse electric displacement. It is noted that T is the second term in a Williams type
expansion of the crack tip solution, and is a ﬁnite electric displacement ﬁeld parallel to the crack surface. With-
out loss of generality, it is assumed in this paper that the electric displacement intensity factor, KD has a po-
sitive value. The solution of electric displacements for the case of KD < 0 can be obtained from the solution of
the problem with KD > 0:Djðz;KD; T Þ ¼ Djðz;KD;T Þ. ð28Þ
The electric boundary condition on the crack surfaces isD2ðx1; 0Þ ¼ 0; x1 < 0. ð29Þ
A general solution for the electric displacement ﬁelds that satisfy Gauss’ law of electrostatics for a linear
dielectric material may be written in terms of an analytic function as (Yang and Suo, 1994):D2 þ iD1 ¼ P ðzÞ; ð30Þ
where P(z) is an analytic function. Normalizing the electric displacements and using the length parameter R0
in normalizing the coordinates, we can rewrite (30) in dimensionless formx ¼ pðnÞ. ð31Þ
Here x = x2 + ix1 in which xj is the normalized electric displacement given by xj ¼ DjD0. n = n1 + in2 is the nor-
malized complex variable in which nj is the normalized coordinate given by nj ¼ xjR0. Thus, we can also consider
n as a function of x, writtenSaturation Zone
θ
Sr
2x
1x
r
iT
z2
KiDD D12 +=+
π
LA
SA
Fig. 8. Modiﬁed boundary layer problem of a crack in an electrostrictive material.
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where g(x) is an analytic function of x. Making use of dimensionless variables, the electric boundary condi-
tion at inﬁnity may be written in the dimensionless formx2 þ ix1 ¼ 1ﬃﬃﬃ
n
p þ it as n!1; ð33Þwhere t denotes the normalized transverse electric displacement given by t ¼ TD0. The electric displacement ﬁeld
inside the perfect saturation zone can be written from (4) asx2 þ ix1 ¼ eih. ð34Þ
Thus, expressing the dimensionless complex variable n as n = qeih in a form of the Euler formulae, the electric
condition on the boundary of the saturation zone is given byqSe
ih ¼ gðeihÞ; ð35Þwhere qS is the dimensionless distance from the crack tip to the boundary of the electric displacement satura-
tion zone, which will be determined exactly. The complex variable formula enables us to formulate the bound-
ary value problem in terms of the complex function. The solution of the modiﬁed boundary layer problem is
reduced to ﬁnding the function g(x) so as to satisfy the conditions on the boundary of the linear region in the
x-plane, as shown in Fig. 9. Using the complex function theory, it can be shown that the exact solution outside
the saturation zone is given byn ¼ gðxÞ ¼ ð1 t
2Þð1þ x2Þ
½ð1þ t2Þxþ itðx2  1Þ2 . ð36ÞDetails required for derivation of the solution are presented in Appendix C. It is noted that the electric dis-
placement ﬁelds generated by the complex function (36) satisfy all the boundary conditions on the crack sur-
faces, at inﬁnity, and on the boundary of the saturation zone. Since the complex function g(x) is determined as
above, the electric displacement ﬁelds at exterior points of the saturation zone can be evaluated. For the case
of t = 0.5, magnitude isolines and vector plots of the normalized electric displacements are shown in Fig. 10.
Substituting (35) into (36), the shape of the saturation zone can be determined, which results inqSðhÞ ¼
2ð1 t2Þ cos h
ð1þ t2 þ 2t sin hÞ ; 
p
2
6 h 6 p
2
. ð37ÞFig. 11 illustrates the eﬀect of the transverse electric displacement on the shape of the saturation zone. It is
seen from Fig. 11 that the shape of the saturation zone is sensitive to the magnitude of the normalized trans-
verse electric displacement. The saturation zones are not symmetric about the crack plane, which may induce
nonzero stress intensity factor of the Mode II for the crack.Fig. 9. Modiﬁed boundary layer problem in (a) n-plane and (b) x-plane.
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The incompatibility of the strain induced by the electrostriction around the crack tip creates stresses. Since
the electric displacement ﬁelds for the crack are completely determined in Section 4, we can calculate the stress
ﬁeld induced by the electrostrictive strains. The stress intensity factor induced by the electrostrictive strains
can be evaluated by a body force analogy or an Eshelby technique. In order to calculate the stress intensity
factors, we consider the problem of the crack with the electrostrictive stain eij given byeij ¼ Qð1þ qÞDiDj  Qqð1þ mÞDkDkdij. ð38Þ
The electrostrictive strain may be regarded as the sum of its compatible part cij and incompatible part De

ij. The
expression for the electrostrictive strain therefore becomes
H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886 6881eij ¼ cij þ Deij; ð39Þ
where cij is deﬁned asc ¼ QD20t
tð1 qmÞ þ 2ð1 qmÞIm 1ﬃﬃﬃ
n
p
 
ð1þ qÞRe 1ﬃﬃﬃ
n
p
 
ð1þ qÞRe 1ﬃﬃﬃ
n
p
 
qtð1þ mÞ  2qð1þ mÞIm 1ﬃﬃﬃ
n
p
 
26664
37775; ð40Þwhere Im denotes the imaginary part. Making use of the complex function theory, it can be shown that the
strain cij satisﬁes the compatibility equation, and the strain c

ij does not generate stresses. Thus, the stress ﬁelds
induced by the strain eij are identical to those for the crack with the strain De

ij deﬁned in (39). Using the body
force analogy or the Eshelby technique, it can be shown that the stress ﬁeld produced by the Deij distribution is
the same as that produced in the body subjected to a certain eﬀective body force ﬁeld. The stress intensity fac-
tors induced by the Deij can be evaluated by the body force analogy illustrated in Fig. 12. The explicit form of
the stress intensity factors can be expressed as (see Appendix D)Ka ¼ Y
1þ m limd!0
Z
AAd
U aklDe

kldAþ K0a ða ¼ I; IIÞ. ð41ÞHere KI and KII are the stress intensity factors of the Modes I and II, respectively. A and Ad are the whole area
and area with a vanishingly small radius d, respectively, and U akl is the near-tip weight function given by (Rice,
1985)U akl ¼
m
1 2m h
a
j;jdkl þ
1
2
ðhak;l þ hal;kÞ;
hI1 þ ihII1 ¼
1
4ð1 mÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pR0p ðnÞ1=2  ð3 4mÞn1=2  12 ðn nÞn3=2
 
;
hII2  ihI2 ¼
1
4ð1 mÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2pR0p ðnÞ1=2 þ ð3 4mÞn1=2  12 ðn nÞn3=2
 
;
ð42Þwhere overbar ðÞ denotes the complex conjugate. K0I and K0II are, respectively,
K0I ¼ 0;
K0II ¼ YQD20
ﬃﬃﬃﬃﬃﬃﬃﬃ
pR0
p tð5 15mþ 8m2 þ 6q 14mqþ 8m2qÞ
4
ﬃﬃﬃ
2
p ð1 m2Þð1 2mÞ .
ð43Þa b
Fig. 12. Body force analogy.
6882 H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886In Section 4, the solution of the normalized electric displacement ﬁelds for interior points of the saturation
zone is obtained as a function of h, while the normalized physical coordinates (n1,n2) for exterior points of
the saturation zone are expressed in terms of the normalized electric displacements. The stress intensity factor
is expressed from (41) and (43) asKa ¼ Kar0
ﬃﬃﬃﬃﬃﬃﬃﬃ
pR0
p
. ð44ÞHere the normalized stress intensity factor Ka (a = I,II) areKI ¼ 1ð1þ mÞ ﬃﬃﬃpp
Z
eAS eU IklD~ekldn1dn2 þ
Z
XL
eU IklD~ekl oðn1; n2Þoðx2;x1Þ
 dx1dx2 ;
KII ¼ 1ð1þ mÞ ﬃﬃﬃpp
Z
eAS eU IIklD~ekldn1dn2 þ
Z
XL
eU IIklD~ekl oðn1; n2Þoðx2;x1Þ
 dx1dx2 
þ tð5 15mþ 8m
2 þ 6q 14mqþ 8m2qÞ
8
ﬃﬃﬃ
2
p ð1 m2Þð1 2mÞ .
ð45Þwhere eAS and XL are the area of the saturation zone in the n-plane and the region of the linear zone in the
x-plane, eU akl ¼ R3=20 U akl, D~ekl ¼ Dekl=ðQD20Þ and oðn1;n2Þoðx2;x1Þ  is the Jacobian determinant given byoðn1; n2Þ
oðx2;x1Þ
  ¼ jg0ðxÞj2. ð46ÞIt is easily seen from (45) that the normalized stress intensity factors, Ka depend on t, q, and n. The stress inten-
sity factors induced by the electrostrictive strains near the crack tip depend linearly on the magnitude of the
electric displacement intensity factor. Performing the integral in (45) numerically for various transverse electric
displacements, KI and KII can be obtained from (44). The numerical results of the Modes I and II normalized
stress intensity factors are plotted in Fig. 13 as a function of the normalized transverse electric displacement
for the electrostrictive material with q = 0.38 and m = 0.26. The results show that the Mode I stress intensity
factor slowly decreases as the transverse electric displacement increases, while the mode II stress intensity fac-
tor nearly linearly increases. It is also seen from Fig. 13 that when t = 0, the stress intensity factor of the Mode
II is not induced since the electrostrictive strain ﬁeld is symmetric about the crack plane.-1.0 -0.5 0.0 0.5 1.0
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-0.6
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0.6
1.2
Λ
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Fig. 13. Normalized stress intensity factors.
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The simple asymptotic problem of a crack in an electrostrictive material under electric loading is considered
in order to seek the solution of elastic ﬁelds near the crack tip under the small-scale saturation condition. The
electrostrictive material is assumed to have perfect saturation of electric displacement. The eﬀect of the stress
induced by the electrostrictive strains on the electric ﬁeld is neglected. It is shown that the solutions of the
electric ﬁelds and elastic ﬁelds obtained under this assumption are approximately valid. Applying the super-
position, we obtain the closed form solution of the elastic ﬁeld induced by the electrostrictive strains for the
crack using the solution for the insulating sheet. It is shown that the crack tip ﬁeld of the stress has the inverse
square root singularity and the logarithmic singularity occurred in the edge of the insulating sheet disappears.
Under the small-scale saturation condition, the stress intensity factor is related to the intensity factor of the
electric displacement ﬁeld. The dominant singular stress solution near the crack tip is compared with the com-
plete stress solution. It is found that the KI-dominant region is very small compared to the saturation zone and
the KD-dominant region. Thus, linear fracture mechanics procedures are valid, and KI may be used as a frac-
ture parameter governing the fracture processes near the crack tip.
The modiﬁed boundary layer problem for a crack under small-scale conditions is also considered in order
to investigate the eﬀect of a transverse electric ﬁeld on fracture behavior. Analytic solutions of electric dis-
placements for the modiﬁed boundary layer problem are obtained based on the nonlinear dielectric theory.
The shape of the electric displacement saturation zone for the crack is determined exactly. The electrostrictive
strain ﬁeld is shown to be asymmetric about the crack plane due to the transverse electric displacement, which
may induce a nonzero stress intensity factor of the Mode II. Stress intensity factors induced by the electrostric-
tive strains are evaluated numerically using the body force analogy. It is found that the value of mode mixity
strongly depends on the transverse electric displacement.
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Appendix A. Derivation of (13)
The complex functions u(f) and w(f) may be put in the formuðfÞ ¼ u1ðfÞ;
wðfÞ ¼ w1ðfÞ; inside saturation zone,
uðfÞ ¼ uLðfÞ þ u2ðfÞ;
wðfÞ ¼ wLðfÞ þ w2ðfÞ; outside saturation zone,
ðA:1Þwhere uL(f) and wL(f), which are the solutions for a linear electrostrictive material without electric displace-
ment saturation, areuLðfÞ ¼ ar0R0 ln fR0 ;
wLðfÞ ¼ ar0R0 ln fR0 .
ðA:2ÞFeeding (A.1) into (6), (11), we get2Gðu1 þ iu2Þ þ iðF 1 þ iF 2Þ ¼ 4ð1 mÞu1ðfÞ þ 2Gðus1 þ ius2Þ;
inside saturation zone,
2Gðu1 þ iu2Þ þ iðF 1 þ iF 2Þ ¼ 4ð1 mÞ uLðfÞ þ u2ðfÞ
 þ 4ð1 mÞ
b
S
Z
X0ðfÞ2df;
outside saturation zone.
ðA:3Þ
6884 H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886It can be shown that from (A.1)–(A.3) that continuity of displacements and resultant forces on the boundary
of saturation zone, f = s = R0e
iH, requires thatu2ðsÞ  u1ðsÞ ¼ ar0R0 iHþ
1
2
b 1
 
s
R0
þ 1
 
. ðA:4ÞIn obtaining (A.4), the relation h ¼ 1
2
H at a point f = s on the saturation zone boundary has been used. By the
standard analytic continuation arguments, we obtain from (A.4) thatu1ðfÞ ¼ ar0R0 
f
R0
þ 1
 
ln
fþ R0
R0
þ 1
2
b 1
 
þ 1
 
;
u2ðfÞ ¼ ar0R0
f
R0
þ 1
 
ln
f
fþ R0 þ 1
 
.
ðA:5ÞIn obtaining (A.5), we have used the relation iH ¼ ln sþR0R0 þ ln ssþR0 at a point f = s on the saturation zone
boundary and the condition of vanishing displacements at the inﬁnity.
Similarly, we have from (6), (11) and (A.1)iðF 1 þ iF 2Þ ¼ u1ðfÞ þ zu01ðfÞ þ w1ðfÞ; inside saturation zone,
iðF 1 þ iF 2Þ ¼ u2ðfÞ þ zu02ðfÞ þ w2ðfÞ þ uLðfÞ þ zuL0ðfÞ þ wLðfÞ  SXðfÞX0ðfÞ;
outside saturation zone.
ðA:6ÞThe requirement that the resultant forces are continuous on the boundary of saturation zone tells us from
(A.1), (A.2), (A.5) and (A.6) thatw2ðsÞ  w1ðsÞ ¼ ar0R0 ðbþ 1Þ
R0
s
þ 1
2
b 1 iH
 
. ðA:7ÞBy the standard analytic continuation arguments, we obtain from (A.7) thatw1ðfÞ ¼ ar0R0  ln
fþ R0
R0
 1
2
bþ 3 4m
 
;
w2ðfÞ ¼ ar0R0 ð1þ bÞ
R0
f
þ ln f
fþ R0  bþ 4ð1 mÞ
 
.
ðA:8ÞIn obtaining (A.8), we have used the condition of vanishing displacements at the inﬁnity. Finally, we get the
solution (13) from (A.1), (A.2), (A.5) and (A.8).
Appendix B. Derivation of (19)
We use the complex variable methods to determine purely elastic ﬁelds for the problem of the crack with the
traction (16) applied on the crack surface. The solutions for the problem are well known as (Muskhelishivili,
1963)UðzÞ ¼ X ðzÞ ¼ vðzÞIðzÞ; ðB:1Þ
whereIðzÞ ¼ 1
2pi
Z 0
1
hðg1Þ
vþðg1Þðg1  zÞ
dx1;
vðzÞ ¼ 1ﬃﬃ
z
p ;
hðg1Þ ¼ rc22ðg1; 0Þ.
ðB:2ÞIntroducing a complex function H(z;C) deﬁned asHðz;CÞ ¼ 1
2pi
Z
C
hðgÞ
vðgÞðg zÞ dg; ðB:3Þ
H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886 6885and invoking the Cauchy’s integral theorem of H(z;C0) = 0 for the closed integration contour
C0 ¼ C1 þ Cz þ Cd þ CR0 þ Cþc þ Cc þ Cþ þ C as shown in Fig. 4, we haveIðzÞ ¼ 1
2
Hðz;C1Þ þ Hðz;CzÞ þ Hðz;CdÞ þ Hðz;CR0Þ þ Hðz;Cþ þ CÞ
 
. ðB:4Þ
Making use of the following relations,Hðz;C1Þ ¼ Hðz;CdÞ ¼ 0;
Hðz;CzÞ ¼  hðzÞvðzÞ ;
Hðz;CR0Þ ¼ 
1
2
ar0ð1þ bÞR3=20
zþ R0
ðz R0Þ2
;
Hðz;Cþc þ Cc Þ ¼ 4ar0 
ﬃﬃ
z
p
coth1
ﬃﬃﬃﬃﬃ
z
R0
r 
þ
ﬃﬃﬃﬃﬃ
R0
p 
;
ðB:5Þwe get (19) from (B.1), (B.4) and (B.5). In obtaining (B.5), the complex function theory of the residue theorem
and the integration rule has been used.
Appendix C. Derivation of (36)
Boundary conditions for the linear region XL in the x-plane can be written from (29) and (34) asIm½gðxÞ ¼ 0; on the crack surface,
Im½xgðxÞ ¼ 0; on the saturation zone boundary,
gðiÞ ¼ 0; at the crack tip,
ðC:1Þwhere x = ix1 on the crack surface and x = e
ih on the saturation zone boundary. The expression of the elec-
tric condition at inﬁnity is obtain from (33) in the following forms:n ¼ g 1ﬃﬃﬃ
n
p þ it
 
as f!1. ðC:2ÞA solution of the formgðxÞ ¼ m
1
xþ x
	 

x b0 þ ib1ðx 1xÞ
 2 ; ðC:3Þwhere m, b0 and b1 are real constants is chosen. It is noted that the function g(x) given in (C.3) automatically
comply with the requirements on the crack surface, saturation zone boundary and crack tip. Invoking the con-
dition at inﬁnity (C.2) givesm ¼ 1 t2;
b0 ¼ 1þ t2;
b1 ¼ t.
ðC:4ÞThus we get the solution (36) for g(x) from (C.3) and (C.4).Appendix D. Derivation of (41)
Using the weight function and applying the divergence theorem, it can be shown that the stress intensity
factors, KðbÞa (a = I,II) produced in the body subjected to the body force bi ¼ ½CijklDekl;j as shown in
Fig. 12 can be expressed asKðbÞa ¼
Y
1þ m limd!0
Z
AAd
U aklDe

kldAþ K0ðbÞa ða ¼ I; IIÞ. ðD:1Þ
6886 H.G. Beom et al. / International Journal of Solids and Structures 43 (2006) 6869–6886Here K0ðbÞa and the stiﬀness tensor Cijkl are given asK0ðbÞa ¼ limd!0
Z
Cd
hai njCijklDe

kldC;
Cijkl ¼ mYð1þ mÞð1 2mÞ dijdkl þ
Y
2ð1þ mÞ ðdikdjl þ dildjkÞ;
ðD:2Þwhere Cd is the circular path enclosing the crack tip with a vanishingly small radius d and ni is the outward unit
normal vector. Inserting (42) into (D.2), we haveK0ðbÞI ¼ 0;
K0ðbÞII ¼ YQD20
ﬃﬃﬃﬃﬃﬃﬃﬃ
pR0
p tð3 9mþ 8m2 þ 2q 10mqþ 8m2qÞ
4
ﬃﬃﬃ
2
p ð1 m2Þð1 2mÞ .
ðD:3ÞThe stress intensity factors induced by the Deij can be evaluated by the body force analogy, which results inKa ¼ KðbÞa þ K0ðaÞa ða ¼ I; IIÞ; ðD:4Þ
whereK0ðaÞI ¼  limr!0
ﬃﬃﬃﬃﬃﬃﬃ
2pr
p
C22klDeklðr; 0Þ;
K0ðaÞII ¼  limr!0
ﬃﬃﬃﬃﬃﬃﬃ
2pr
p
C12klDeklðr; 0Þ.
ðD:5ÞCalculating (D.5) givesK0ðaÞI ¼ 0;
K0ðaÞII ¼
ﬃﬃﬃ
2
p
YQD20
ﬃﬃﬃﬃﬃﬃﬃﬃ
pR0
p tð1þ qÞ
1þ m .
ðD:6ÞFinally, we obtain (41) from (D.1) and (D.4).
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